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expanded on the basis of students’ reactions to a particular paper.  Assumptions about future mark 
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assessment remain constant, details will change, depending on the content of a particular examination 
paper. 
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Key to mark scheme abbreviations 

 
M Mark is for method 

m Mark is dependent on one or more M marks and is for method 

A Mark is dependent on M or m marks and is for accuracy 

B Mark is independent of M or m marks and is for method and accuracy 

E Mark is for explanation 

or ft Follow through from previous incorrect result 

CAO Correct answer only 

CSO Correct solution only 

AWFW Anything which falls within 

AWRT Anything which rounds to 

ACF Any correct form 

AG Answer given 

SC Special case 

oe Or equivalent 

A2, 1 2 or 1 (or 0) accuracy marks 

−x EE Deduct x marks for each error 

NMS No method shown 

PI Possibly implied 

SCA Substantially correct approach 

sf Significant figure(s) 

dp Decimal place(s) 
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Q Answer Marks Comments 

 
  M1 

 
A1 

 
 
 

 
1(a) Rotation 

 
about y-axis through 90° 

Rotation identified 
 
y-axis  and 90° oe 
 
(More than one transformation scores 
0 marks)  

 
 

    
1(b) 
















=

010
100
001

   B  

 
B1 

















010
100
001

  seen or used for B or B-1 

    
 

















−
=++ −

021
210
102

   1BBA  

 
B1ft 

  
If not correct, ft on A+2×c’s B 

    
    
 Total 4  
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Q Answer Marks Comments 

 
    

2 
x

xx
x d  

23
6

9
2
2∫ 








+
−

+
 

                      = ( ) ( )23ln29ln 2 +−+ xx  
B1 

 

Correct integration of 
9

2
2 +x

x  

   
B1 Correct integration of 

23
6
+x

 

 
 

(I=)  lim
∞→a

x
xx

xa
d  

23
6

9
2

0 2∫ 







+
−

+
 

 
M1 

∞ replaced by a (oe) and lim
∞→a

 seen or 

taken at any stage with no remaining 
lim relating to 0 

 
 

  
   [Remaining marks are dep on getting 

only ln terms after integration]     
 = lim

∞→a
{ ( ) ( )23ln29ln 2 +−+ aa } 

              ( )2ln29ln −−  
 

= lim
∞→a ( ) 






−

















+
+

4
9ln

23
9ln 2

2

a
a

 

 
 
 
 

M1 

 
 
 
Dealing with the 0 limit correctly and 

using 







=−

Q
PQP lnlnln  at least 

once at any stage  
    
 

= lim
∞→a







−



































++

+

4
9ln4129

91
ln

2

2

aa

a  

 
 

M1 

 
 
Writing F(a) oe in a suitable form 
when considering ∞→a  

    
 

x
xx

x d  
23

6
9

2
0 2∫
∞









+
−

+
             

                             
81
4ln

4
9ln

9
1ln =−=  

 
 
 

A1 

  
 
 
CSO 

    
    

 Total 6  
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Q Answer Marks Comments 

 
 

3(a) 
 
( ) ( )kjiba +−−=× 85   

 
B1 

 
Correct  ba ×  or correct ab ×    

   
(Area of triangle=) 
 

16425
2
1 

2
1

++=×= ba  

 
 

M1 

 

Valid method to evaluate ba × 
2
1  oe 

  
   

( 90
2
1

=  ) 10
2
3

=  A1 A.G.  CSO 
  

    
  

3(b) ( )   =× • cba 3(−5) − 1(−8) + 7(1)         
               = 0         

M1 Correct method to evaluate a relevant 
s.t.p.; ft earlier errors 

    
 ( ) 0  =× • cba  so vectors are coplanar A1ft Only ft on wrong sign(s) in c’s ba ×  

oe from part (a) 
 

 
  

    
 Total 5  
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Q Answer Marks Comments 

 
    

4 When 1=n , LHS=1, RHS=1  
(so formula is true for 1=n ) 
 
 
Assume formula true for kn =  (*)  
integer k , 1≥k  

B1 Correct values 
 

 
 so  ∑

+

=

−×
1

1

14
k

r

rr  
 
 

M1 

 
Assumes the result true for 𝑛𝑛 = 𝑘𝑘 and 

considers ∑
+

=

−×
1

1

14
k

r

rr  oe 

 
( ) ( ) k

k

kk 4113
9
4

9
1

×++−+=  

  

 
   

 
( )[ ]1913

9
4

9
1

++−+= kk
k

 
 

M1 
 
Grouping the 4k  terms 

 
   

 
[ ]812

9
4

9
1

++= k
k

 
 

A1 
 
PI by next line 

    
 

[ ]

[ ]1)1(3
9

4
9
1

23
9

4
9
1

1

1

−++=

++=

+

+

k

k

k

k

                  










 

 
 

A1 

 
 
Either 

    
 Hence formula is true for 1+= kn (**) 

and since true for 1=n , formula is 
true for ...3 ,2 ,1=n   (***) by induction 
 
 
 
 

 
 

E1 

Must have (*) and (**) present with 
‘true for 1=n ’ stated at some stage. 
Previous 5 marks scored and 
concluding statement (***) must 
clearly indicate that it relates to 
positive integers 
eg ‘formula true for all 1≥n ’ is not a 
precise statement so scores E0 

    
 Total 6  
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Q Answer Marks Comments 

 
    

5(a)(i) 

Direction vector (v=)   















−
1
8

4
               

 
B1 

 
Correct direction vector identified    

    
 (| v|=) 222 1)8(4 +−+        (= 9) M1 222 1)8(4 +−+  or 222 213 ++ oe 
 

   
 Direction cosines:  

9
4 ; 

9
8

− ; 
9
1  A1 

 
Correct direction cosines 
 

 
 

  
 

 
  

5(a)(ii) 
6.63

9
4cos 1 =





= −α  

 
B1ft Ft on c’s 

9
4 ;  ft answer must be 

correctly rounded 
 

 
  

    
5(b) 

















+
−
+

t
t
t

2
81
43

  

 
B1 

 

 
A correct position vector of general 
point on the line seen or used 
 

    
 

12 = 
















•

















+
−
+

1
1
1

   
2

81
43

t
t
t

 =3+4t+1-8t+2+t 

      

 
M1 

 
 

Substitution of c’s general point on L 
into the equation of the plane and 
scalar product attempted 

 2−=t  A1 2−=t  oe 
  

  

 

 (P.V. of pt of intersection=)














−

0
17

5
  

 
 

A1 














−

0
17

5
     oe 

    
 Total 8  
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Q Answer Marks Comments 

 
    

6 
xxxy

x
y 3cos2699

d
d 2

2

2

++=+    
  

   
Aux. eqn.  092 =+m  M1 PI by correct values of m seen/used   

   
xBxAyCF 3sin3cos)( +=  A1 Correct CF in trig. form 

  
   

( =PIy ) xdxcbxax 3sin     2 +++  M1 
M1 

For polynomial form 
For trig form 
(If other terms, not in CF or PI, are 
included in yPI , look to see if their 
coefficients shown to be 0 later before 
awarding these M1 mark(s)) 

 
 

  
 ( =PIy ''

) xdxxda 3sin93cos62 −+  A1 Correct 2nd derivative 

  
   

 9a=9;   9b=6;  2a+9c=0; 6d=2 m1 Dep on previous two M marks. Subst. 
into DE and equating coefficients to 
form four equations at least two 
correct. PI by correct values for the 
coefficients  

  ( =PIy ) xxxx 3sin
3
1   

9
2

3
22 +−+   

A1 
 
 

A1 

 
9
2

3
22 −+ xx  or correct values for  a, 

b and c;  dep on 2nd  M1 mark only

xx 3sin
3
1 + ; dep on 3rd M1 mark only 

    
 ( GSy =  ) 

 Acos3x+Bsin3x + xxxx 3sin
3
1   

9
2

3
22 +−+  

 
 

B1ft 

 
 
c’s CF + c’s PI but must have exactly 
two arbitrary constants 

    
 Total 9  

 
  



MARK SCHEME – INTERNATIONAL A-LEVEL FURTHER MATHEMATICS – FM03 – 
JANUARY 2020 

 

10 

Q Answer Marks Comments 

 
 

 
  

7(a) 
yy

yy

yx −

−

+
−

==
ee
eetanh  

  

  
yyyy xx −− −=+ eeee  

 
M1 

yyyy xx −− −=+ eeee   
or  1ee 22 −=+ yy xx  

 
 

  
 )1(ee)1( xx yy −=+ −    

                                )1(e)1( 2 xx y −=+⇒  

 
 

A1 

 

 
⇒

−
+

=      
1
1e2

x
xy    








−
+

=
x
xy

1
1ln

2
1

 
  

 








−
+

=−

x
xx

1
1ln

2
1tanh 1  

 
A1 

 
A.G.  Be convinced. Accept previous 
line if 𝑦𝑦 = tanh−1𝑥𝑥 stated previously 

     Altn Reverse order to main scheme:  
e2𝑦𝑦 = 1+𝑥𝑥

1−𝑥𝑥
  M1;  𝑥𝑥 = e𝑦𝑦− e−𝑦𝑦

e𝑦𝑦+ e−𝑦𝑦
  A1 ; 

Completion A1 
 

 
  

 
 

  
7(b)(i) ( ) ( )[ ]xxx −−+=− 1ln1ln

2
1tanh 1  

              















−−−+−=

2
...

22
1 22 xxxx  

 
 

M1 

 
Relevant log law applied and series 
attempted for both ln(1+x) and ln(1−x). 
PI by correct coefficient of xr 

 

 
 

  
 

               







+−= +

r
x

r
x rr

r ...)1...(
2
1 1  

  

 Coeff. of rx   is   [ ]1)1(1
2
1 +−+ r

r
 A1 oe 

Correct coefficient of rx . Condone if a 
single rx  is also present with the 
coefficient.  

 
 

  
 

 
  

7(b)(ii) When x = 0,   

1
d
d

=
x
y ; 

3
1

d
d

!3
1

3

3

=
x
y

; 
5
1

d
d

!5
1

5

5

=
x
y

;

7
1

d
d

!7
1

7

7

=
x
y

 

 
 

M1 

 
Comparing coefficients of x, x3, x5 and 
x7   from (b)(i) with the general 
Maclaurin’s series   
oe  by direct differentiations 

 
When x = 0,      








+++  

d
d

d
d

d
d

d
d 7

7

5

5

3

3

x
y

x
y

x
y

x
y  

                             = 1+2+24+720 = 747 

 
 

 
A1 

 
 
 
747 
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 Total 7  

Q Answer Marks Comments 

 
    

8(a) det A = ( ) )23(1)8(2121 2 kkk −−−−−  M1 Correct method to expand det A by 
row or column   

det A = 12 +k  A1    
   

Since k is real, 02 ≥k  so (det A) ≠ 0    
so A is non-singular 

 
E1 

Ft only on det A = ck +2 , where c is a 
positive integer. ‘det A > 0 so A is 
non-singular’ is E0; we must see 
reference to non-zero with justification   

    
  

8(b) Cofactor matrix    

         
















−−+
+−−

+−+−−

258
1232

328122

kk
kk

kkk
 

M1 
 

A2,1,0 

One complete row or column correct 
 
A2 all 9 correct; else A1 at least 6 
correct 

  
   

Inverse matrix 1−A  = 
 

















−+−
−++−
+−−−

+
2132

528
83212

 
1

1 

2

2

kk
kk

kkk

k
 

 
M1 

 
 
 

A1ft 

Transpose of their cofactors with no 
more than one further error and 
division by their det A ≠ 0  
 
Only ft on their det A from part (a) 
provided their det A is non-zero for all 
real values of k   

    
  

8(c) 

















z
y
x

= 















−

6
3
1

  1A  

  

  
   

 

= 
















−+++−
−+++−
++−−−

+
126332
30638

4869612
 

1
1 

2

2

kk
kk

kkk

k
 

 
M1 

 
 

A1ft 

vA  1−  for c’s 1−A  with at least one ft 
component correct 
 
 
At least two ft components correct   

   

 
1
27

2

2

+
+

=
k

kx  
1

162
2 +
−

=
k
ky  

1
64

2 +
−

=
k
kz  

 
A1 

 
All correct 

  
  

   NB  0/3 scored if 1−A  not used. 
 

       
 Total 11  
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Q Answer Marks Comments 

 
 Given 0=+ βα    

9(a)(i) 
m
1

−=+++ δγβα       
m
1

−=+⇒ δγ   

(*) 

 
E1 

 

                        
9(a)(ii)  

m
nm +

=+++++ γδβδβγαδαγαβ    (**) 
 

M1 
 
or  ∑𝛼𝛼𝛼𝛼 = 𝑚𝑚+𝑛𝑛

𝑚𝑚
      

 From (**),   

m
nm +

=++++ γδαβδγβα ))((   
 

 so                              
m

nm +
=+ γδαβ  A1 

 

    
 

m
1

=+++ αγδβγδαβδαβγ (#);  

 
m
n

=αβγδ (# #) 
M1 

 
Either (#) or (# #)   
or both ∑𝛼𝛼𝛼𝛼𝛼𝛼 = 1

𝑚𝑚
   and ∑𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼 = 𝑛𝑛

𝑚𝑚
    

 
 From (#)  

m
1)( =+ δγαβ  A1 

 

 so        ⇒=−
mm
1)1(αβ   1−=αβ   

 

    
 Sub into (# #)  gives         

m
n

−=γδ  A1  

    
 

m
n

m
nm

+=
+

=+ 1γδαβ   
 

 so  
m
n

m
n

+=−− 11 ,   
m
n22 =−     mn −=⇒   

 
A1 

 
 
AG be convinced  
Condone if left as  m = −n 
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9(b) 0=+ βα ,  and 1−=αβ  so a quadratic 
factor is 12 −x  

 
M1 

 
Finding a quadratic factor  PI 

 034 =−−+ mxxmx  
( )( ) 01 22 =++− mxmxx  

 
M1 

 
Finding other quadratic factor by 
division or by sum and product of 
roots method.   

  
 

Roots are 1, 1− ,  
m

m
2

411 2−±−
 

 
A1 

Correct four roots or 041 2 >− m  oe 

 4 distinct real roots 14 2 <⇒ m ,  0≠m   
 

 
 ie  0

2
1

<<− m ,    
2
10 << m   

A1 
 

    
 Total 11  
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Q Answer Marks Comments 

 
 

10(a) x
xy

xx
y cos2

d
d

=+    

 
I.F. is exp 










∫ )(d 2 x

x
 = xln2e  M1 Identified and integration attempted 

PI 

 (I.F.) = x2 A1 Seen or used 
 

[ ]yx
x

 
d
d 2 = xcosx ;  x2y = ∫ )(d cos xxx  

 
M1 

 
Either 

 
x2y = ∫− )(d sinsin xxxx  

 
A1 

 
PI by next line 

 x2y = xsinx+cosx+p ;  
                         y = x−2(xsinx+cosx+p) 

 
A1 

 
Either 
 

 
 

  
10(b)(i) As x→0,  

y→
( )

2

23  ...5.01)(
x

pxxOxx ++−+−
 

 
M1 

 
B1 

sinx = x (…) or cosx = 1−0.5x2 (…) 
substituted in c’s GS 
 
Both sinx = x (…)  and  
cosx = 1−0.5x2 (…) substituted in c’s 
GS 

 y→ )(5.01 2
2 xO

x
p

++
+ 1−=⇒ p   

A1ft 
 
Ft on numerical and sign errors in 
c’s GS 

     
⇒  y → 0.5 as  x→0     5.0=⇒ k   A1 Correct value for k  dep. on p found 

so that no term → ∞ as x→0      
 

10(b)(ii) At st. pts. 0
d
d

=
x
y    

 subst into given DE xy cos5.0 =⇒  M1 No more than one numerical/sign 
error in finding y as a multiple of  

cos x  when  0
d
d

=
x
y  

    
 Since 5.0=k , all stationary points of curve 

C lie on the curve xky cos =  so the 
student is correct 

 
 

A1ft 

 
Ft c’s value for k but conclusion 
must be related to comparison of c’s 
k with 0.5  

 Total 11  
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Q Answer Marks Comments 
 
 
 

11(a) 






 −

2
  i

e 128
π

 
 

B1; B1 
 

r = 128 ;   
2
π

−=θ  

 
11(b) 21287 ==r  B1 r = 2 

 
Use of de Moivre:  7

2
  sc' ÷






−

π
 

 
M1 If incorrect, ft on c’s 

2
π

−  in part (a) 

 
7
π2

14
π k
+−=θ ,  k=0,±1,±2,±3  

A1 
 
7 correct values for θ ;  mod 2π 

 (7 roots of z7+128i = 0 are)  






 −

14
π i

e2 ; 








14
3πi

e2 ; )2i(e2 2
πi

=








; 








14
11πi

e2






 −

14
5π i

e2 ;   






 −

14
9π i

e2 ;   






 −

14
13π i

e2  

 
 

A1 

 
 
CAO 

 
11(c)(i) 

 

B1ft 
 
 
 

B1 
 
 

B1 

Clear indication that the six roots lie 
on a circle of radius 2;  ft c’s r value in 
part (b) 
 
Points shown on Argand diagram: 
Six points in the correct quadrants.  
 
Pairs of points having sym about the 
Im axis with no pair of points having 
sym about the Re axis. 
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11(c)(ii) 






 −

14
π i

e2  ,






 −

14
13π i

e2  and  








14
3πi

e2 ,








14
11πi

e2  and 







 −

14
9π i

e2 , 






 −

14
5π i

e2  

 
M1 

 
Choosing three pairs of c’s roots 
whose products are real;  

            
  

Factors: 

2[ 2 −z ( +






 −

14
π i

e






 −

14
13π i

e ) z – 4] ; 

2[ 2 −z ( +








14
3πi

e








14
11πi

e ) z – 4] ; 

2[ 2 −z ( +






 −

14
9π i

e






 −

14
5π i

e ) z – 4] 

 
A1ft 

 
Two correct ft on c’s r value in (b) in 
form shown or better eg 

2[ 2 +z ( −








14
πi

e






−

14
πi

e ) z – 4] ; 

2[ 2 −z ( −








14
3πi

e






−

14
3πi

e ) z – 4] ; 

2[ 2 +z ( −








14
5πi

e






−

14
5πi

e ) z – 4] 
 

 
 

 
M1 

Correct attempt to find two correct 
values for q in factors 

( ) tzqpz ++  )sin( i2 π  where  
2
1

  <|| q  

  
Q(z) = [ ]4 )sini(4 14

π2 −+ zz
[ ]4 )sini(4 14

π32 −− zz [ ]4 )sini(4 14
π52 −+ zz   

 
A1 

 
A correct product of three quadratic 
factors in the required form. 

 Total 13  

 
 

Q Answer Marks Comments 

 
 

12(a)(i) When 
6
π7

=θ ,  ( )π sin=r =0  

⇒circle passes through the pole O 

 
 

B1 

Use of either 
6
π7

=θ  or 
6
π

=θ  to give r 

= 0   
 

12(a)(ii) (Area of 2C ) = ∫ 





 −6

7

6

2 )(d  
6

sin
2
1 π

π θπθ  
 

M1 
A correct definite integral for the area 
of C2  PI if limits missing but seen later 

 
= ∫ 






 −−6

7

6

)(d ] 
6

cos21[
4
1 π

π θπθ  
 

M1 
 

Expressing the integrand in terms of 







 −

6
2cos πθ   oe 

 

=

6

6
7

3
2sin

2
1

4
1

π

π

πθθ 













 −− =

24
π6 =

4
π  

 
 

A1 

 
 
CSO 
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12(b)(i) 

 

L: xy −= 1 3  

  

 
(Polar eqn of L)  θθ cos1sin 3 rr −=  M1 Use of either θsinry =  or 

θcosrx =   

θθθ cos23
2

cossin3
1

+
=

+
 

2
3sin =⇒ θ       

3
πθ =⇒ ,  

3
2π  

 
 

M1 

 
Equating r s for L and 1C  and attempt 
to find a value for a single trig term  
oe  Forming a correct relevant 
quadratic equation and solving to find 
Cartesian coordinates 
  

When 3
πθ = , 2

1=r ; When 3
2πθ = , r=1 A1 At least 3 of the 4 polar values 

  
( ) 263

2 sin sin πππ =− =1; ( )3
2 ,1 π on C2 

( ) 2
1

663 sin sin ==− πππ ; ( )32
1  , π on C2 

 
A1 

Verifying that both ( )3
2 ,1 π  and ( )32

1  , π  
satisfy eqn of 2C  

 
Points ( )3

2 ,1 π  and ( )32
1  , π  satisfy polar 

equations of L, 1C  and 2C , and since 

OP>OQ , 







3
2 ,1 πP , 








3
 ,

2
1 πQ  are the 

required points of intersection.  

 
 
 

 
A1 

 
 
 
 
Identifying correct P and Q plus a 
relevant concluding statement 

 
12(b)(ii) 

 
From (a)(ii), radius of circle 2C  = 0.5 
From (a)(i) and (b)(i) O and P are points on  
 

2C  and length of OP=1=2×radius so OP is a 
diameter 

 
E1 

 
 

E1 

 
 
Accept any valid explanations but 
must include O and P being points on  

2C  when referring to the length of OP 

 
12(c) 

 
tan[π/2−(2π/3−π/3)]  = tan(π/6) 

 
M1 

 
Using relevant detail(s) from part(s) 
(b) in attempt to find the gradient of 
the tangent at O or P   

 
cxy +






=

6
πtan  

A1 Equation of tangent at P with a correct 
gradient 

 ( )3
2

3
2 1sin ,cos1 ππP  B1ft c’s Polar coordinates of P correctly 

converted to Cartesian form 
 

3
2+

=
xy   

 
A1 

 
oe   A correct Cartesian equation of 
tangent at P with all trig terms 
evaluated 

 Total 15  

 
  



MARK SCHEME – INTERNATIONAL A-LEVEL FURTHER MATHEMATICS – FM03 – 
JANUARY 2020 

 

18 

Q Answer Marks Comments 

 
 

13(a) 





=

a
x

x
y sinh

d
d  B1 

 
Correct differentiation 

 
(s=)  ∫− 






+

d

d
x

a
x d  sinh1 2  

M1 Correct ft integral 

 
(s=)  ∫ − 






)(

)(
d  cosh 

d

d
x

a
x

 
 

A1 
 

  
= �𝑎𝑎 sinh �𝑥𝑥

𝑎𝑎
�� 𝑑𝑑−𝑑𝑑  

  

 






=






−−






=

a
da

a
da

a
da sinh2sinhsinh  

 
A1 

 
A.G.  be convinced 

 
13(b)(i) 

 

 
 

E1 

Sketch of the chain as a cosh curve 
with sufficient detail eg lowest pt (0, a) 
of cosh curve being a distance 𝑠𝑠

2𝑛𝑛
 

below PQ and height of PQ above  
x-axis oe being 𝑎𝑎 cosh �𝑑𝑑

𝑎𝑎
� , used to 

justify 
  𝑎𝑎 + 𝑠𝑠

2𝑛𝑛
= 𝑎𝑎 cosh �𝑑𝑑

𝑎𝑎
� 

 
 

13(b)(ii)  𝑎𝑎 + 𝑠𝑠
2𝑛𝑛

= 𝑎𝑎 cosh �𝑑𝑑
𝑎𝑎
�  = 𝑎𝑎�1 + sinh2 �𝑑𝑑

𝑎𝑎
�  

 
 

M1  cosh �𝑑𝑑
𝑎𝑎
�  = �1 + sinh2 �𝑑𝑑

𝑎𝑎
�     used 

 
            = 𝑎𝑎�1 + � 𝑠𝑠2𝑎𝑎�

2
= �𝑎𝑎2 + 𝑠𝑠2

4
  

 
A1 

 
A.G.  be convinced 
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13(b)(iii)  𝑎𝑎2 + 𝑎𝑎𝑠𝑠
𝑛𝑛

+ 𝑠𝑠2

4𝑛𝑛2
= 𝑎𝑎2 + s2

4
  M1 Squaring both sides 

 𝑎𝑎𝑠𝑠
𝑛𝑛

=
𝑠𝑠2

4𝑛𝑛2
(𝑛𝑛2 − 1) ⇒ 𝑎𝑎 =

𝑠𝑠
4𝑛𝑛

(𝑛𝑛2 − 1)  
 

A1 
𝑎𝑎 =

𝑠𝑠
4𝑛𝑛

(𝑛𝑛2 − 1) 
 

 
 

  
 ( )

( ) ⇒
+

=
n
s

a
d
a
d

a
s

a
a

2cosh
sinh2

 ( )
n
sa

d

a
s

2

tanh2
+

=  
 

M1 Identity x
x
x tanh

cosh
sinh

=   used 

 
 

  
 ( )

1
2tanh 2 +

=
n

n
a
d  A1  

 
( )













−

+
==

+

+
+

−

1
2

1
2

2
1

1
21

2

2

2 1
1

lntanh
n

n
n

n

n
n

a
d

 
 

M1 ( ) ( )
( )






−
+

=
+

−

n
n

n
n

f1
f1lntanh 2

1
1

21
2    

 
 

  
 









−
+

=







−
+

=
1
1ln

)1(
)1(ln 2

2

2
1

n
n

n
n

a
d  

 
A1 

 

 
 

  
 𝑃𝑃𝑃𝑃 =

𝑠𝑠
2𝑛𝑛

(𝑛𝑛2 − 1) ln �
𝑛𝑛 + 1
𝑛𝑛 − 1

�  
A1 

 
A.G. Be convinced 

 
 

  

 Total 14  
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13(b)(iii) 

ALT 
   

  𝑎𝑎2 + 𝑎𝑎𝑠𝑠
𝑛𝑛

+ 𝑠𝑠2

4𝑛𝑛2
= 𝑎𝑎2 + s2

4
 

 
M1 Squaring both sides 

 𝑎𝑎𝑠𝑠
𝑛𝑛

=
𝑠𝑠2

4𝑛𝑛2
(𝑛𝑛2 − 1) ⇒ 𝑎𝑎 =

𝑠𝑠
4𝑛𝑛

(𝑛𝑛2 − 1) 
 

 
A1 𝑎𝑎 =

𝑠𝑠
4𝑛𝑛

(𝑛𝑛2 − 1) 
 

 𝑃𝑃𝑃𝑃 = 2𝑑𝑑 = 2𝑎𝑎 sinh−1 �
𝑠𝑠

2𝑎𝑎
� 

 
(M1) PQ=2𝑎𝑎 sinh−1 � 𝑠𝑠

2𝑎𝑎
�   oe 

or PQ= 2𝑎𝑎 cosh−1�1 + 𝑠𝑠
2𝑛𝑛𝑛𝑛�   oe 

 =
𝑠𝑠

2𝑛𝑛
(𝑛𝑛2 − 1) sinh−1 �

2𝑛𝑛
𝑛𝑛2 − 1

�  
(A1) 

 

 
oe 

 
  = 𝑠𝑠

2𝑛𝑛
(𝑛𝑛2 − 1) ln � 2𝑛𝑛

𝑛𝑛2−1
+ �1 + 4𝑛𝑛2

(𝑛𝑛2−1)2 � 
 

 
(M1) [ ] [ ]21 )}(f{1)(fln)(fsinh nnn ++=−  

or 
[ ] [ ]1)}(f{)(fln)(fcosh 21 −+=− nnn  

 
=

𝑠𝑠
2𝑛𝑛

(𝑛𝑛2 − 1) ln �
2𝑛𝑛 + �(𝑛𝑛2 + 1)2

𝑛𝑛2 − 1
 � 

 

 
(A1) 

 

 
oe 

 
=

𝑠𝑠
2𝑛𝑛

(𝑛𝑛2 − 1) ln �
(𝑛𝑛 + 1)2

(𝑛𝑛 + 1)(𝑛𝑛 − 1) � 
  

 
 

  
 𝑃𝑃𝑃𝑃 =

𝑠𝑠
2𝑛𝑛

(𝑛𝑛2 − 1) ln �
𝑛𝑛 + 1
𝑛𝑛 − 1

�  
(A1) 

 
A.G. Be convinced 

 
 

  
 Total 14  

 


